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1. INTRODUCTION 

There has been a g r e a t  d e a l  o f  research work 

de fo rma t ion  behav io r  o f  m a t e r i a l s  a t  t h e  e levated 

It appears t h a t  a u n i f i e d  approach i n  t h e  f o r m  of 

i n  modeling t h e  i n e l a s t i c  

temperature environment. 

v i s c o p l  a s t  i c  r e 1  a t  ions has 

been most popu la r  f o r  p r e d i c t i o n  o f  m a t e r i a l  responses. I n  t h i s  con tex t ,  a 

number o f  v i s c o p l a s t i c  m a t e r i a l  models have been publ ished i n  t h e  l i t e r a t u r e  

[e.g. 1-61. The u n i f i e d  approach d i f f e r s  f r o m  t h e  convent ional  creep and 

p l a s t i c i t y  t h e o r y  i n  t h a t  bo th  t h e  creep and p l a s t i c  deformat ions, o r  a l t e r -  

n a t e l y  termed i n e l a s t i c  deformat ions,  a re  t r e a t e d  as time-dependent quan t i -  

t i e s .  Based on t h e  exper imenta l  and t h e o r e t i c a l  s t u d i e s  performed by v a r i -  

ous i n v e s t i g a t o r s  [3,4,7-91, i t  i s  known t h a t  v i s c o p l a s t i c  c o n s t i t u t i v e  r e -  

l a t i o n s ,  i n  p r i n c i p l e ,  are capable o f  p r e d i c t i n g  m a t e r i a l  responses a t  h i g h  

temperatures such as c y c l i c  p l a s t i c i t y ,  r a t e  s e n s i t i v i t y ,  long- term creep 

deformat ions, s t r a i n - h a r d e n i n g  o r  so f ten ing ,  e t c .  The degree o f  success of 

a c o n s t i t u t i v e  r e l a t i o n s h i p  v a r i e s  depending on t h e  ex ten t  o f  parameters 

considered i n  o r  mathematical  s o p h i s t i c a t i o n  o f  a s p e c i f i c  model. 

A 1  though most of v i s c o p l a s t i c  models g i v e  improved m a t e r i a l  response 

p r e d i c t i o n s  over  t h e  c l a s s i c a l  approach, t h e  associated c o n s t i t u t i v e  d i f f e r -  

e n t i a l  equat ions have s t i f f  regimes which present  numerical  d i f f i c u l t i e s  i n  

time-dependent s t r u c t u r a l  ana lys i s .  The numer ica l  d i f f i c u l t y  i s  indeed an 

impor tan t  concern when t h e  v i s c o p l a s t i c  r e l a t i o n s  are appl ied t o  l a r g e  sca le  

f i n i t e  element s t r u c t u r a l  ana lys i s .  
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I n  f i n i t e  element a n a l y s i s  f o r  v i s c o p l a s t i c  m a t e r i a l s ,  two issues  of 

p r i m a r y  concern i n  connec t ion  w i t h  t h e  assoc ia ted  m a t e r i a l  n o n l i n e a r i t y :  

1) s o l u t i o n  convergence i n  s o l v i n g  t h e  g l o b a l  ( i n c r e m e n t a l )  e q u i l i b r i u m  

equa t ions ,  2 )  i n t e g r a t i o n  o f  t h e  c o n s t i t u t i v e  r a t e  equat ions  a t  t h e  l o c a l  

m a t e r i a l  p o i n t s  ( o r  element i n t e g r a t i o n  p o i n t s ) .  Numer ica l l y ,  these two 

i s s u e s  a r e  i n t e r - r e l a t e d .  

achieved i f  t h e  s t r e s s e s  c a l c u l a t e d  a t  l o c a l  m a t e r i a l  p o i n t s  are g r o s s l y  

On t h e  one hand, g l o b a l  e q u i l i b r i u m  can n o t  be 

i n a c c u r a t e .  On t h e  o t h e r  hand, t h e  c o n s t i t u t i v e  r e l a t i o n s  and s t r e s s e s  are 

n o t  r e p r e s e n t a t i v e  t o  t h e  m a t e r i a l  i f  t h e  s t r a i n s  computed f r o m  t h e  nodal  

d i sp lacemen ts  a r e  i n  e r r o r .  

In v iew o f  t h e  above d i scuss ion ,  we have t h e r e f o r e  i n v e s t i g a t e d  a com- 

b ined  g l o b a l / l o c a l  i nc remen t ing  scheme f o r  t h e  f i n i t e  element a n a l y s i s  o f  

v i s c o p l  a s t i c  m a t e r i  a l s .  

2. GLOBAL INCREMENTING - 
Due t o  t h e  m a t e r i a l  n o n l i n e a r i t y ,  a v i s c o p l a s t i c  problem i s  e f f e c t i v e l y  

f o r m u l a t e d  by  an i nc remen ta l  approach, i n  which t h e  f i n i t e  element e q u i l i -  

b r i u m  equa t ions  can be l i n e a r i z e d .  In o r d e r  t o  s o l v e  these equat ions  suc- 

c e s s f u l l y ,  t h e  a n a l y s t  must be ab le  t o  s p e c i f y  " a p p r o p r i a t e "  l oad  s teps .  

I f  t h e  l o a d i n g  inc rements  a r e  t o o  l a rge ,  t h e  s o l u t i o n  may n o t  converge, o r  

i t  i s  far  f r o m  b e i n g  accura te .  A l t e r n a t i v e l y ,  if t h e  l o a d i n g  increments are 

v e r y  smal l ,  t h e  computa t ion  c o s t  w i l l  become p r o h i b i t i v e l y  h i g h .  There fore ,  

i t  i s  d e s i r a b l e  t o  implement an au tomat ic  i nc remen t ing  procedure i n  which 

t h e  s e l e c t i o n  o f  ( g l o b a l )  load  s teps  can be made by t h e  program, r a t h e r  than 

t h e  a n a l y s t .  

Use o f  au tomat ic  l oad  s t e p p i n g  f o r  s o l v i n g  n o n l i n e a r  problems i s  n o t  

new and most o f  t h e  a p p l i c a t i o n s  were concen t ra ted  a t  t i m e  independent 
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load increments. Each o f  t h e  

( 1 )  I n i t i a t i o n  o f  incrementa 

f i e d  load vector ,  i.e. 

two 

so 

problems [lo-111. 

t i m e  dependent v i s c o p l a s t i c  problems. 

s teps :  1)  i n i t i a t i o n  o f  incrementa l  s o l u t i o n ,  and 2 )  s e l e c t i o n  of subsequent 

Herein, we adopted s i m i l a r  concepts f o r  t h e  s o l u t i o n  of 

The procedure i n v o l v e s  two major 

ined be low. steps i s  b r i e f l y  o u t  

u t i o n  - t h e  s o l u t i o n  

R 1 = a  R 
N N 

where a = a load f a c t o r ,  c 1. 

begins w i t h  a spec i -  

R = a r e f e r e n c e  load vector .  
N 

With t h e  above load vector ,  s o l u t i o n  w i l l  proceed w i t h  e q u i l i b r i u m  

i t e r a t i o n s .  When t h e  number o f  i t e r a t i o n s  reaches f o u r  and t h e  so lu -  

t i o n  has n o t  y e t  converged, an es t ima te  i s  made t o  p r o j e c t  t h e  number 

o f  i t e r a t i o n s  r e q u i r e d  accord ing t o  

n = i + !tn(DTOL/di)/(!tn d j  - En d i - 1 )  

where i = number o f  i t e r a t i o n s  a l ready  performed. 

DTOL = i t e r a t i o n  t o l e r a n c e  f o r  displacements.  

d i  = r a t i o  between t h e  incrementa l  d isplacement norm of 

t h e  i - t h  i t e r a t i o n  and t o t a l  d isplacement norm. 

= I A U i  N I / l!i I 

If n i s  g r e a t e r  t han  a maximum number o f  i t e r a t i o n  cyc les  allowed, then 

a new load v e c t o r  i s  s e t  t o  be RNEW = T R ~ ,  ~ < 1 .  -1 cy 
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( 2 )  Subsequent load increments - The 

f i r s t  s tep,  a re  determined on t h e  

method [12-141. I n  t h i s  method, 

oad increments, subsequent t o  t h e  

bas i s  of a constant  arc  l e n g t h  

e t  t h e  c u r r e n t  load vec to r  be 

where X i + l  = a load parameter corresponding t o  t h e  ( i + l ) - t h  i t e r a t i o n  

= X i  + d X i + l  ( 4 )  

and d X i+1  i s  c a l c u l a t e d  f rom a q u a d r a t i c  a l g e b r a i c  equat ions [13]. 

3. LOCAL INCREMENTING 

Once t h e  g l o b a l  load increment i s  determined f r o m  t h e  method o u t l i n e d  

i n  t h e  above, a sub- increment ing method i s  i nco rpo ra ted  a t  t h e  m a t e r i a l  

p o i n t  l e v e l  t o  i n t e g r a t e  t h e  r a t e  c o n s t i t u t i v e  equat ion.  

d i scuss ion ,  t h e  v i s c o p l a s t i c  c o n s t i t u t i v e  equat ions are w r i t t e n  i n  t h e  fo rm 

For t h e  purpose o f  

where y rep resen ts  t h e  vec to r  o f  s t ress ,  i n e l a s t i c  s t r a i n  and s t a t e  v a r i -  

ables, and f i s  a v e c t o r  o f  n o n l i n e a r  funct ions.  

equat ions,  we have developed an automat ic procedure based on t h e  v a r i a b l e -  

s t e p  Runge-Kutta (R-K) method. 

i s  d i v i d e d  i n t o  a number o f  sub-increments, i.e. h = At/n. 

h ,  t h e  v e c t o r  y f o r  i t e r a t i o n  ( i + l )  i s  evaluated by t h e  4 th  o rde r  and 5th 

o r d e r  R-K formulas,  r e s p e c t i v e l y ,  i.e. y i + l  and y i + l .  

est imated f r o m  

N 

To i n t e g r a t e  t h e  preceding 
N 

I n  t h i s  method, t h e  g l o b a l  t ime  increment A t  

Corresponding t o  

(4  1 ( 5 )  
N 

Then an e r r o r  can be 
N N 
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The c a l c u l a t e d  e r r o r  must be w i t h i n  t h e  f o l l o w i n g  to le rance 

E s t  < e I 1  Y i  I I/ A t  (7) 
u 

If t h e  above c o n d i t i o n  i s  v io la ted ,  a r e v i s e d  sub-increment h '  i s  then 

obta ined f r o m  

h '  = T  h 

The f o r e g o i n g  procedure i s  repeated u n t i l  t h e  c r i t e r i o n  i n  Eq. (7) i s  

s a t  i sf i ed . 
4. NUMERICAL EXAMPLE 

e- 

Several problems have been analyzed us ing  t h e  procedure o u t l i n e d  i n  

t h e  preceding sec t ions .  

j e c t e d  t o  an i n t e r n a l  pressure, vary ing  l i n e a r l y  from 0 t o  14.6 p s i  f o r  

t e [0,4Osec.] The c y l i n d e r  m a t e r i a l  i s  assumed t o  be 2-1/4 Cr-Mo common 

s t e e l  a t  811' k and Robinson's v i s c o p l a s t i c  model i s  adopted. For f i n i t e  

Presented h e r e i n  i s  a t h i c k  wal led c y l i n d e r  sub- 

element ana lys is ,  f i v e  4-noded axisymmetric elements are used. 

The a n a l y s i s  was performed by us ing  f o u r  d i f f e r e n t  combinations of 

numerical  a lgor i thms:  

1) Automatic g l o b a l  and l o c a l  increment ing (G + L )  

2 )  Automatic g l o b a l  increment ing ( G )  w i t h  constant  l o c a l  steps 

h = At/ns, 

3) Automatic l o c a l  sub- increment ing ( L )  w i t h  constant  g loba l  steps, 

N = 5, 10, 16, and 20. 

4 )  Constant g l o b a l  and l o c a l  steps. 

nS = 2,4, and 8 

Summarized i n  Table 1 are t h e  a l g o r i t h m  d e t a i l s ,  CPU t ime on IBM-3033 com- 
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pu te r ,  and r a d i a l  d isplacement a t  t h e  o u t e r  surface of t h e  c y l i n d e r .  It i s  

seen t h a t  w i t h  t h e  automat ic g l o b a l / l o c a l  increment ing a lgor i thm,  t h e  lowest 

CPU t i m e  was consumed. 

automat ic  g l o b a l  o r  l o c a l  increment ing scheme was opt ioned unless t h e  number 

o f  s o l u t i o n  s teps  o r  t h e  number o f  sub-increments i s  s i g n i f i c a n t l y  i n -  

creased. Shown i n  F i g u r e  1 i s  t h e  load vs. r a d i a l  d isplacement a t  t h e  ou te r  

sur face of t h e  c y l i n d e r  c a l c u l a t e d  f rom two d i f f e r e n t  a lgor i thms,  i .e.  auto- 

Convergence d i f f i c u l t y  was experienced i f  o n l y  t h e  

m a t i c  g l o b a l / l o c a l  increment ing and cons tan t  g l o b a l  s tepp ing  w i t h  automat ic 

l o c a l  increment ing.  Both a lgor i thms gave almost i d e n t i c a l  r e s u l t s .  

5. CONCLUSION- 

Presented i n  t h i s  paper i s  a g l o b a l / l o c a l  t i m e  increment ing scheme f o r  

v i s c o p l a s t i c  a n a l y s i s  of s t r u c t u r e s .  

f u l  f o r  conduc t ing  l a r g e  s c a l e  n o n l i n e a r  f i n i t e  element a n a l y s i s  i n v o l v i n g  

v i  scopl  a s t  i c  m a t e r i  a1 s . 

The scheme i s  ve ry  e f f i c i e n t  and use- 
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Tab le  1 A COMPARISON OF D I F F E R E N T  SOLUTION ALGORITHMS 
FOR A THICK-WALLED CYLINDER 

Case Opt i o n  G1 oba l  L o c a l  CPU u 10-2 
No. Steps Substeps U n i t  ?nch 

1 

2A 

26 

2c 

3A 

36 

3c 

3D 

4A 

48 

G + L  

G 

G /.-- ~. 

G 

L 

L 

L 

L 

N 

N 

16 

16 

16 

-- 
20 

16 

10 

5 

20 

20 

-- 
8 

4 

2 

11 0.1851 

100 0.1851 

57 0.1851 

s o l u t i o n  d i ve rged ,  ( n o t e  5 )  

35 0.1851 

36 0.1856 

45 0.1879 

s o l u t i o n  d i ve rged ,  ( n o t e  6) 

37 0.1851 

s o l u t i o n  d i ve rged ,  ( n o t e  5 )  

Note:  

1. G+L - bo th  g l o b a l  and l o c a l  au tomat ic  inc rement ing .  

2. L - l o c a l  au tomat i c  i nc remen t ing  on ly .  

3. G - g l o b a l  au tomat i c  inc rernent ing  o n l y .  

4. N - manual i n c r e m e n t i n g  

5. I n  cases 2C and 48, s o l u t i o n  d i v e r g e d  a t  s t e p s  6 and 3, r e s p e c t i v e l y ,  
because t h e  va lues  of m a t e r i a l  s t a t e  v a r i a b l e s  a r e  o u t  o f  bound. 

6. I n  case 3D, s o l u t i o n  d i v e r g e d  a t  s t e p  5 because ou t -o f -ba lance  load 
was g r e a t e r  t h a n  inc remen ta l  load. 

7 .  U, i s  t h e  r a d i a l  d isp lacement  a t  o u t e r  su r face  of t h e  c y l i n d e r .  
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